OSTROWSKI TYPE INEQUALITIES VIA /i CONVEX 
FUNCTIONS WITH APPLICATIONS FOR SPECIAL MEANS 

AND P.D.F.'S 

MEVLtjT TUNg 

Abstract. In this paper, we establish some new Ostrowski type inequalities 
for the class of /i— convex functions which are super-multiplicative or super- 
additive and nonnegative. Some applications for special means and PDF's are 
given. 



1. Introduction 



Let f : I C [0,cx))^Mbea difFerentiable mapping on 1° , the interior of the 
interval /, such that f £ L [a, b], where a,b £ I with a < b. If |/' {x)\ < M, then 
the following inequality: 



(1.1) 



f{x)--^ f f[u)du 
- a ,„ 



M 

< 



b — a 



{x — a)^ + (6 — x)'^ 



holds. This result is known in the literature as the Ostrowski inequality. For recent 
results and generalizations concerning Ostrowski's inequality, see |10m5j and the 
references therein. 

Definition 1. |^ We say that / : / — > R is Godunova-Levin function or that f 
belongs to the class Q (/) if f is non-negative and for all x,y £ I and t G (0, 1) we 
have 

(1.2) /(te+(l_i)y)< /M + ^. 

Definition 2. We say that / : / C M — > R is a P— function or that f belongs 
to the class P (/) if f is nonnegative and for all x,y £ I and t G [0, 1] , we have 

(1.3) f{tx + {l-t)y)<f{x) + f{y). 

Definition 3. Let s € (0,1]. A function f : (0, oo] — > [0, oo] is said to be 
s— convex in the second sense if 

(1.4) / {tx +{l-t)y)< t'f (x) + (1 - ty f (y) , 

for all x,y €z (0,5] and t G [0,1]. This class of s~convex functions is usually 
denoted by . 
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Definition 4. f^/ Let /i:JCM— >M6ea positive function . We say that 
/ : / C M — > M is h— convex function, or that f belongs to the class SX {h, I), if f 
is nonncgative and for all x,y (z I and t G [0, 1] we have 

(1.5) f {tx + {1 - t)y) < h{t) f (x) + h{l ~t) f (y) . 

If inequality (|1.5p is reversed, then / is said to be ft,— concave, i.e. / G SV {h, I). 
Obviously, if h (t) — t, then all nonnegative convex functions belong to SX {h, I) 
and all nonnegative concave functions belong to SV{h,I); ii h{t) — j, then 
SX{h,I) = Q{I); if h{t) = 1, then SX{h,I) D F(/); and if h{t) = t", where 
s e (0, 1), then SX [h, I) D K^. 

Remark 1. J^Let h be a non-negative function such that 

(1.6) h{a) >a 

for all a € (0, 1). For example, the function hk{x) — x'' where k < 1 and x > 
has that property. If f is a non-negative convex function on I , then for x,y & I , 
a G (0, 1) we have 

(1.7) / {ax + (1 - a)y) < af{x) + (1 - a)f{y) < h{a)f{x) + h{l - a)f{y). 

So, f G SX{h,I). Similarly, if the function h has the property: h{a) < a for all 
a G (0, 1), then any non-negative concave function f belongs to the class SV(h,I). 

Definition 5. JBl^ function /i : J — > M is said to be a super-multiplicative function 

(1.8) h{xy)>h{x)h{y) 
for all x,y (z J. 

If inequality (11.81) is reversed, then h is said to be a sub-multiplicative function. 
If equality is held in (|1.8I) . then h is said to be a multiplicative function. 

Definition 6. J^A function h : J ^ R is said to be a super- additive function if 

(1.9) h{x + y)>h{x) + h{y) 
for all x,y £ J. 

For recent results and generalizations concerning /i— convex functions sec [S][5] 
and references therein. 

In [S] M.Z Sarikaya, A. Saglam and H. Yildnim established the following Hadamard 
type inequality for ft— convex functions: 

Tiieorem 1. 0/ Let fe SX (h,I), a,be I and f e Li {[a,b]), then 

^^i^) ^ // W <i.^ <!/«.) + /Wl I'm-t- 

For recent results and generalizations concerning ft— convex functions see [5][9|. 

The aim of this study is to establish some Ostrowski type inequalities for the 
class of functions whose derivatives in absolute value are ft— convex and ft— concave 
functions. 
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2. Ostrowski type inequalities for h— convex functions 



In order to prove our main theorems, we need the following lemma that has been 
obtained in [13] : 

Lemma 1. \ 13^ Let / :/ CM— )-M6ea dijferentiable mapping on l'^ where a,b ^ I 
with a < b. If f ^ L [a,b], then the following equality holds; 



(x — a) 



1 



b — a 

2 „1 



/ (u) du 



b — a 
for each x G [a, b] 



tj' {tx + (1 -<)a) dt- 







b — a 



2 „1 



tf [tx + (1 - t) b) dt 



Theorem 2. Let h : J ^ R ^ R be a non-negative and super- multiplicative func- 
tions, f : L Q M. W be a differentiate mapping on l'^ such that f G L[a,b], 
where a, G / with a < b, and h{a) > a. Lf |/'| is h^convex function on L and 
If ix)\ 5: M, X G [a, 6] , then we have; 
(2.1) 



fix) 



1 



/ (u) du 



M 



< 



(x — a) + (5 — xY 



b — a 



b — a 
for each x G [a, b] . 

Proof. By Lemma [T] and since |/'| is /i— convex, then we can write 
1 



[h (t^) +h{t~t^)] dt. 



< 



< 



{x — a) 



b — a 
2 „i 



/ (u) du 



t\f' {tx + {1 - t) a)\ dt + 



(b-x) 



2 „1 





2 „1 



< 



(x — a) 

5 — a 

I jb-x) 
b — a 

M{x~a) 
b — a 
M {b - x) 



b — a 

t[h {t)\r {x)\+h{l-t)\f' {a)\]dt 

2 ^1 

t[h{t)\f {x)\+hil-t)\f' {b)\]dt 



t\f' {tx + {l-t) b)\dt 



2 „1 



[h^ {t) + h{t)h{l- t)] dt 



2 „1 



M 



< 



b — a 



{x — a)^ + (6 — x)^ 



[/i^ (t) + /i (i) (1 - t)] 



6 — a 

The proof is completed. 

Remark 2. If for (|2.ip we choose h (t) ~ t, inequality (|2.ip reduces to il.l]) . 



□ 
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In the next corollary, we will also make use of the Beta function of Euler type, 
which is for x,y > defined as 



T{x + y)- 

Corollary 1. If for (|2.ip we choose h{t) = f , then we have 



fix) 



1 



6- 



/ (u) du 



M 



< 



{x — a)^ + (5 — .x)^ 



dt 



M 



{x — a)^ + (fo — x)^ 



M 



{x — a)^ + (5 — x)^ 



[t2s ^ _ 

1 r(s + i)r(s + i)" 



M 



{x — a)^ + (6 — .x)^ 



b — a 



2s + 1 r (2s + 2) 

r(2s + i) + s2 (r(s))' 



(2s+l)r(2s + l) 



The corresponding version for powers of the absolute value of the first derivative 
is incorporated in the following result: 

Theorem 3. Let ft,:JCM— >]R6ea non-negative and superadditive functions, 
/:/CM— >M&ea differentiable mapping on J° such that f G L[a,h\, where 



a,b Cz I with a < b. If |/'|' is h-co\ 
h{t)>t and \ f' {x)\ < M, x G [a, b], then 
(2.2) 



function on [a,b] , p,q > 1, ^ + ^ — 1; 



fix)- 



b ~ a 



f iu) du 



< 



Mh^ (1) 
b — a 



{h{tP)dt)^] ((x-a)V(6-a;)^) 



for each x € [a, b] . 

Proof. Suppose that p > 1. From Lemma [T] and using the Holder's inequality, we 
can write 



< 



< 



fix)- 

(x — a) 
b — a 

{x — a)^ 
b ~ a 

, ib-x)' 



1 



b — a 

2 „1 



/ (w) du 



t\f' {tx + {1 - t) a)\ dt + 







jb-x) 
b ^ a 



2 „1 



t\f {tx + il-t) b)\dt 



tPdt 







tPdt 

/ 



I/' (te + (l-0 a)|'^dt 



I/' {tx + {l-t) b)\'^dt 
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Since \f'\'^ is ft,— convex and by using properties of /i— convexity in the assumptions, 



\f'{tx + {l~t)a)\Ut < / [h{t)\r{x)\' + hil-t)\ria)\'']dt 



< M« / [h{t) + h{l-t)]dt 



< M« / h{l)dt = M''h{l). 



Similarly, we can show that 

r-l 

\f{tx + {l--t)b)\'^dt < 



[h{t)\f'ix)f + h{l-t)\f'ib)\']dt 
< M«/i(l), 



and 



Therefore, we obtain 



tPdt< / hitP)dt. 



fix) 



1 



b — a 



f (u) du 



< Mh^ (1) 

+Mh^ (1 

Mh'^ (1) 
b — a 



(x " a-Y 
b — a 

{b-xf 



b — a 
1 



h (tP) dt 



h (tP) dt 







(tPjdt) (^{x - af + {b - xf^ 



The proof is completed. 



□ 



Corollary 2. If for (|2.2p we choose h{t) — t, then we have 



(2.3) 



fix) 



b — a 



f iu) du 



Remark 3. Since (^-^j^^ ^ Z'"" '^'^2^ P > 1? then we observe that the inequality 
i2.S\) is better than the inequality il.lfl meaning that the approach via the Holder's 
inequality is a better approach than that through classical inequality. 

A different approach leads to the following result. 

Theorem 4. Let /i:JCR— >R6ea non-negative and supermultiplicative func- 
tions, /:/CR— >M&ea dijferentiable mapping on such that f € L[a,b], 
where a,b £ I with a < b. If \ f'\'^ is h— convex function on [a,b] , q > \, h {a) > a 
and |/'(x)| < M, x G [a,b], then 



(2.4) 



< 



fix) 
2^ 



1 



6- 



/ iu) du 



L. ((a; _ af + {b- xf) (^J^ {h (t^) +h{t- e) dt) ' j 
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for each x Cz [a,b] . 

Proof. Suppose that g > 1. From Lemma 1 and using the power mean inequahty , 
we have 



< 



< 



/(^) 

{x — a) 
b — a 

{x — a)^ 
b — a 

(b-x) 



1 



b — a 

1 rl 



f (u) du 



t\f {tx + {l-t) a)\dt + 







jb-x) 
b — a 



2 „1 



t\f' {tx + {l-t) b)\dt 



2 / /•! 



tPdt 

2 / /.I \ 



t\f' {tx + {l-t) a)\''dt 



+ 



^ (^j^ tPd?j ' • * I/' {tx + (1 - i) &)r dt 



Since |/'|' is /i— convex, we have 

/ t\f'{tx+{l-t)a)\'^dt < 
Jo 



< 



Similarly, we can observe that 



f[th{t)\f {x)\'' + th{l-t)\f' {a)\'']dt 
Jo 

Ifix)]" [ h{t)h{t)dt+\f'ia)f [ h{t)h{l-t)dt 
Jo Jo 

( h{f)dt+ [ h{t-t^)c 
Jo Jo 



[\\f'{tx+{l-t)b)\''dt < If'ix)]" [\{t)h{t)dt+\f'{b)\'' [\{t)h{l-t)dt 
Jo Jo Jo 

< Mi^J^ h{t^)dt + h{t-f)dt^^ 



Therefore, we deduce 



< 



f{x)--^ [ f{u)du 
b-a 



\x — a) /I 



b-a V 2 



{b-xf /I" 



= M 



b-a V 2 



A'P j (h (f) + h {t - f)) dt 
M" f [h [t^] + h [t - t^)) dt 



{h{t^)+h{t-t^))dt 



{x — a) + {b — x) 



= </2M ( / {h{t'')+h{t-t''))dt 



{x — a)^ + (6 — x)"^ 
2 {b-a) 



and the proof is completed. 



□ 



Remark 4. i) In the previous inequalities, one can obtain several midpoint type 
inequalities by setting x = 
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a) All of the above inequalities obviously hold for non-negative convex functions. 
Simply choose h (t) ^ t, h {t) = j , h [t) ~ 1 and h (t) — in each of those results, 
to get desired results respectively for non-negative convex functions, Q {!) , P (/) 
and K^. 



The following result holds for /i— concave functions. 



Theorem 5. Let /i:JCM— S-M&ea non-negative and superadditive functions, 
/:/CM— >K6ea differentiable mapping on l'^ such that f G i [a, 6] ,where 
a,b E I with a < b. If \f'\'' is h~ concave function on [a,b] , p,q > 1, - + - = 1, 
h (t) > t, then 



(2.5) 



1 



< 



b — a 
1 



/ (u) du 



V2{p+l)^h^ (i) 



{x — aY 
b — a 



r 



b — a 



f 



for each x £ [a, b] . 

Proof. Suppose that p > I. From Lemma [T] and using the Holder's inequality, we 
can write 



(2.6) 



< 



/(^)- 
{x — a) 



1 



b — a 

2 „1 



/ {u) du 



(b-x) 



2 „1 



, t\f'itx+{l-t)a)\dt-. 
b — a n b ^ a 





2/^1 



t\f' {tx + {l-t) b)\dt 



< 



tPdt 



I/' (tx + il-t) a)fdt 



2 / „1 



b — a 

, {b-xY 
b — a 

But since j/'j"^ is /i— concave, using the inequality (ll.lOp , we have 



t^dt] . / \f'{tx + {l-t)b)\Ut 



(2.7) 



llf'itxHl-t)a)fdt)<^ 



f 



X -\- a 



and 



(2.8) 



^ \f{tx + {l^t)b)\'dtj < 



f 
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By combining the above numbered inequalities, we obtain 



< 



{x — a)^ 1 / 



du 



f 



I ( x + a 



+ 



{b-xf 



b-a (p+i)^ \'2h{\) 



{x — aY 



, f x + b 



The proof is completed. 



b — a 



f 



/ X + a 



+ 



b — a 



, / x + b 



□ 



A midpoint type inequality for fuctions whose derivetives in absolute value are 
/i— concave may be obtained from the previous result as follows: 

Corollary 3. If for (2.5) we choose x = then we get 



(2.9) 



/ 



< 



b — a 



1 r'' 

— / f{u)du 

J a 

, f 3a + b 



</W^{p+iy (i) 
For instance, if h {t) = t, then we obtain 



(2.10) 



/ 



< 



a + b 
2 

b~ a 



b — a 



V2^{p+1) 



f 



f [u) du 
, f 3a + b 



f 



3b 



f 



3b 



where |/'|'' is h— concave function on [a, 5] , p, g > 1. 



3. Applications to special means 



We consider the means for arbitrary positive numbers a,b {a ^ b) as follows; 
The arithmetic mean 

J / IN a + b 
A{a,b) = —- 



The generalized log-mean : 

Lp {a, b) 
The identric mean: 



(p+1) (6 -a) 

1 / ^ " 



, peM\{-i,o}. 



/(a, 6) 

e \a" 

Now, using the result of Section 2, we give some applications to special means 
of real numbers. 
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In [9], the following example is given: 

Let ft, be a function defined by h (x) = (c + , x > 0. If c = 0, then the 

function h is multiplicative. If c > 1, then for p € (0, 1) the function h is super- 
multiplicative and for p > 1 the function h is sub-multiplicative. 

Hence, for c = 1, p e (0, 1), we have h (t) = (1 + t)^^^ , t > is supermultiplica- 
tive. Let / (x) — x", x > 0, |n| > 2 is /i— convex functions. 



Proposition 1. Let < a < b , p E {0,1} and |7i| > 2 . Then 



K {a,b)~L- {a,b)\< 



M (b - a) 



Proof. The inequality is derived from (|2.ip with x = applied to the /i— convex 



functions / : R ^- K, / (x) = x", |n| > 2 and /i : 
p e (0, 1) . The details are disregarded. 



R, h{t) = (1 + t) 



□ 



Proposition 2. Let < a < 6, p G (0, 1) , g > 1 and |n| > 2 . Then 



I A" ia,b)-L"„ (a,b)\< 



(5 - a) 



(1 + t^Vdt 



Proof. The inequality is derived from (12.31) with x = 
functions / : R ^ M, / (x) = x", |n| > 2 and ft. 
p € (0, 1) . The details are disregarded. 



(l + t~t^Vdt 



applied to the ft— convex 



R, ft(<) = (1 + t) 



□ 



Proposition 3. Let < a < b and p,q > 1. Then we have 
(3.1) |ln {A {a,b) + I) - {b - a)\n L {a + l,b + 1) 

< 



V^^ip + iY' 



1 



1 



3a -1-6-^4 a + 3b + 4: 



Proof. The inequality is derived from (j2.10l) applied to the ft— concave function 
/ : [a, b] f (x) = In (x + 1) . The details are disregarded. □ 



4. Applications for P.D.F.'s 



Let X be a random variable taking values in the finite interval [a, 6], with the 
probability density function / : [a, b] — > [0, 1] with the cumulative distribution 
function F{x) = Pt{X < x) = J^^ f{t)dt. 

Theorem 6. Under the assumptions of Theorem 2, we have the inequality; 

1 



M 



< 



{b-E{x)) 



(x — of' + (6 — xf' 



(b-a) 

where E{x) is the expectation of X. 



[ft (t^) + h{t - t^)] dt 
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Proof. The proof is immediate follows from the fact that; 



E{x) = [ tdF{t) = b- I F{t) dt. 

J a J a 



□ 



Theorem 7. Under the assumptions of Theorem 3, we have the inequality; 

<^^ii^-afHb-^f)j\hitn)idt 
where E{x) is the expectation of X. 

Proof. Likewise the proof of the previous theorem, by using the fact that; 

)dt 



E{x) = / tdF{t) =b- F{t), 

J a J a 



the proof is completed. □ 
Theorem 8. Under the assumptions of Theorem 4, we have inequality; 

f{x)--^{b-E{x)) 



({x - af + (6 - xf^ J\[h (t^) + h{t - t^)] ) ' dt 



2 (6 - a) 

where E{x) is the expectation of X. 

Proof. The proof is similar to the previous theorem. □ 

Acknowledgement 1. The author gives his warm thanks to the Editor and the 
Authors for their precious papers in the reference list. 
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